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1. Problem: Fun facts! We know that 10082 − 10072 = 1008 + 1007 and 10092 − 10082 = 1009 + 1008.
Now compute the following:

10102 − 10092 − 1.

Solution: Note that

10102 − 10092 + 1 = (1010 + 1009)(1010− 1009) + 1 = 2019 · 1− 1 = 2018 .

Proposed by Allen Wang

2. Problem: Let m be the smallest positive multiple of 2018 such that the fraction m/2019 can be simpli-
fied. What is the number m?

Solution: Note that 2019 = 3 · 673. Let m = 2018n for some positive integer n. The fraction can
be simplified if 2019 and 2018n share at least one common factor greater than one. Since 3 is the
smallest factor greater than one, n = 3 produces the smallest m that is able to be simplified. Hence,
m = 2018 · 3 = 6054 .

Proposed by Allen Wang

3. Problem: Given that n satisfies the following equation

n + 3n + 5n + 7n + 9n = 200,

find n.

Solution: We have that 25n = 200, so n = 200
25 = 8 .

Proposed by Antonio Frigo

4. Problem: Grace and Somya each a collection of coins worth a dollar. Both Grace and Somya have
quarters, dimes, nickels and pennies. Serena then observes that Grace has the least number of coins
possible to make one dollar and Somya has the most number of coins possible. If Grace has G coins
and Somya has S coins, what is G + S?

Solution: Since they both have quarters, dimes, nickels, and pennies, they each have at minimum
4 coins, totalling 41 cents. The least number of coins to get the remaining 59 cents is 11, namely two
quarters, one nickel, and four pennies. Similarly, the maximum to attain 59 cents is fifty-nine pennies.
Hence, the most is 63. Summing yields the answer of 74 .

Note: Due to a possible interpretation of the problem in which a minimum of two of each type of coin
is allowed, 39 was also accepted as an answer.

Proposed by Allen Wang

5. Problem: What is the ones digit of 20182018?

Solution: Note that since we’re looking for the units digit, we only need to consider the units digit of
the numbers being multiplied, which are all 8. The units digit of 20182 is then 4 (since the units digit
of 82 = 64 is 4), the units digit of 20183 is then 2 (since the units digit of 8 · 4 = 32 is 2), the units digit
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of 20184 is then 6 (since the units digit of 8 · 2 = 16 is 6), and the units digit of 20185 is then 8 (since
the units digit of 8 · 6 = 48 is 8). The units digits observed are 8, 4, 2, 6, 8. We notice that the 8 repeats,
meaning that the units digits continue 8, 4, 2, 6. Then 6 is the fourth digit, the eighth digit and so on,
up until the 2016th digit. Then 8 is the 2017th digit, meaning that 4 is the 2018th digit, and thus the
units digit of 20182018.

Proposed by Allen Wang

6. Problem: Kaitlyn plays a number game. Each time when Kaitlyn has a number, if it is even, she
divides it by 2, if it is odd, she multiplies it by 5 and adds 1. Kaitlyn then takes the resulting number
and continues the process until she reaches 1. For example, if she begins with 3, she finds the sequence
of 6 numbers to be

3, 3 · 5 + 1 = 16, 16/2 = 8, 8/2 = 4, 4/2 = 2, 2/2 = 1.

If Kaitlyn’s starting number is 51, how many numbers are in her sequence, including the starting
number and the number 1?

Solution: Applying the algorithm, we have the first term is 51, so hence the second is 256. Since this
is a power of two, we divide until we reach one. Hence, the sequence is

51, 256, 128, 64, 32, 16, 8, 4, 2, 1.

There are 10 numbers in the sequence. If you’re curious, the given algorithm is similar to that of the
Collatz conjecture.

Proposed by Allen Wang

7. Problem: Andrew likes both geometry and piano. His piano has 88 keys, x of which are white and y
of which are black. Each white key has area 3 and each black key has area 11. If the keys of his piano
have combined area 880, how many black keys does he have?

Solution: We have a system of two equations.

x + y = 88

3x + 11y = 880

We multiply the first equation by 3 and subtract it from the second equation to get the following

8y = 616

Thus y = 77. Therefore, there are 77 black keys.

Proposed by Antonio Frigo

8. Problem: A six-sided die contains the numbers 1, 2, 3, 4, 5, and 6 on its faces. If numbers on opposite
faces of a die always sum to 7, how many distinct dice are possible? (Two dice are considered the
same if one can be rotated to obtain the other.)

Solution: We may assume that a die is held with the 1 on top. This means the 6 must be on the
bottom. We may place the 2 on any of the remaining four faces, so we will put it on the face facing
us. This implies the 5 lies on the face opposite to us. There remains the numbers 3, 4. There are two
ways to place these numbers. We may either place the 3 on the left or on the right of the face facing
us. Therefore, there are 2 distinct dice.

Proposed by Allen Wang
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9. Problem: In4ABC, AB is 12 and AC is 15. Alex draws the angle bisector of BAC, AD, such that D is
on BC. If CD is 10, then what is the area of4ABC?

Solution:

By the Angle Bisector Theorem, AC
DC = AB

BD . Filling in the known values, we get 15
10 = 12

BD ⇒ BD = 8.
Then4ABC has side lengths 12, 15, 18. To calculate its area, we use Heron’s formula. The semiperime-
ter s = 12+15+18

2 = 45
2 , so the area is:

√(
45
2
− 12

)(
45
2
− 15

)(
45
2
− 18

)(
45
2

)
=

√
21
2
· 15

2
· 9

2
· 45

2
=

√
452 · 32 · 7

16
=

45 · 3
√

7
4

=
135
√

7
4

.

Thus, the final answer is 135 + 7 + 4 = 146.

Proposed by Nithin Kavi

10. Problem: Find the smallest positive integer that leaves a remainder of 2 when divided by 5, a remain-
der of 3 when divided by 6, a remainder of 4 when divided by 7, and a remainder of 5 when divided
by 8.

Solution: A number leaves a remainder of 2 when divided by 5 if it is 3 less than a multiple of 5. A
number leaves a remainder of 3 when divided by 6 if it is 3 less than a multiple of 6, and so on. Thus,
the problem is asking us to find the smallest positive integer that is 3 less than a multiple of 5, 6, 7, 8.
The LCM of 5, 6, 7, 8 = 5 · 23 · 3 · 7 = 40 · 21 = 840, giving us a final answer of 840− 3 = 837.

Proposed by Akshay Gowrishankar

11. Problem: Chris has a bag with 4 marbles. Each minute, Chris randomly selects a marble out of the
bag and flips a fair coin. If the coin comes up heads, Chris puts the marble back in the bag, while if
the coin comes up tails, Chris sets the marble aside. What is the expected number of seconds it will
take Chris to empty the bag?

Solution: Each minute, there is a 1
2 chance that the marble is removed. Therefore, the expected value

of marbles removed each minute is 1
2 . Therefore, it will take 4

1
2
= 8 minutes, which is 480 seconds.

Proposed by Nithin Kavi

12. Problem: A real fixed point x of a function f (x) is a real number such that f (x) = x. Find the absolute
value of the product of the real fixed points of the function f (x) = x4 + x− 16.

Solution: The real fixed point x must satisfy x = x4 + x − 16, or equivalently x4 − 16 = 0. The
expression factors into (x2 + 4)(x2 − 4) = (x2 + 4)(x − 2)(x + 2) = 0, so the real fixed points are 2
and −2, with a product of −4. The absolute value is 4 .

Proposed by Allen Wang

13. Problem: A triangle with angles 30◦, 75◦, 75◦ is inscribed in a circle with radius 1. The area of the
triangle can be expressed as a+

√
b

c where b is not divisible by the square of any prime. Find a + b + c.

3



Solution: Call the triangle4ABC where A is the vertex angle and let K be its area. From the formula
abc = 4KR where a, b, c are the side lengths and R is the circumradius of the triangle, we get that
ab2 = 4K (the triangle is isosceles so c = b and R = 1 is given).

Drop an altitude from B to AC, and let the foot of this altitude be D. Since4ABD is a 30-60-90 triangle
with hypotenuse b, we get that BD = b

2 . Then K = 1
2 · b ·

b
2 = b2

4 . From ab2 = 4K, it follows that a = 1.

Let O be the center of the circle. From a = 1, it follows that 4BCO is equilateral with side length 1,
and therefore has area

√
3

4 . Triangles 4ABO and 4ACO can be joined together to form a rhombus
by gluing AB and BC together, as they are congruent. This rhombus has side lengths 1 and angles of
30◦ and 150◦. Dropping an altitude and using 30-60-90 relationships, it follows that the altitude and
therefore the area of the rhombus are 1

2 . Thus the final area of the triangle is 1
2 +

√
3

4 = 2+
√

3
4 , giving

us a final answer of 2 + 3 + 4 = 9.

Proposed by Aaron Zhang

14. Problem: Dora and Charlotte are playing a game involving flipping coins. On a player’s turn, she first
chooses a probability of the coin landing heads between 1

4 and 3
4 , and the coin magically flips heads

with that probability. The player then flips this coin until the coin lands heads, at which point her turn
ends. The game ends the first time someone flips heads on an odd-numbered flip. The last player to
flip the coin wins. If both players are playing optimally and Dora goes first, let the probability that
Charlotte win the game be a

b . Find a · b.

Solution: First, we will calculate the probability that a player wins on any one of her turns. Let the
probability that the chosen coin lands on tails on each flip be p. Then the probability that the coin first
lands heads on an odd-numbered flip is

1
1− p

+
1
p2 ·

1
1− p

+

(
1
p2

)2
· 1

1− p
+ ... =

1
1− p2 · (1− p) =

1
1 + p

.

This value is maximized when p = 1
4 , which gives a probability of 4

5 that a player wins on her turn.

Since the probability that the first player wins on the first turn is 4
5 , the probability that she wins on

the third turn is 1
5 ·

4
5 ·

4
5 , and so on. Thus, the probability that the first player wins is 4

5 ·
1

(1−1/25) =
5
6 .

So the probability that the second player wins is 1− 5
6 = 1

6 . The answer is 1 · 6 = 6 .

Proposed by Akshay Gowrisankar

15. Problem: Jonny is trying to sort a list of numbers in ascending order by swapping pairs of numbers.
For example, if he has the list 1, 4, 3, 2, Jonny would swap 2 and 4 to obtain 1, 2, 3, 4. If Jonny is given
a random list of 400 distinct numbers, let x be the expected minimum number of swaps he needs.
Compute b x

20c.

Solution: We will solve this problem recursively. We define an to be the expected number of swaps
needed to sort a random permutation of n numbers. Given a random permutation of n numbers, there
is a 1/n chance that the smallest number is in the first position, in which case an−1 swaps are expected
to sort the remaining numbers. Otherwise, we perform one swap to get 1 into the first position, and
sort the remaining numbers in an expected an−1 swaps. Thus, we find that

an =
1
n
· an−1 +

n− 1
n
· (an−1 + 1) = an−1 + 1− 1

n
.
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Since a list of 1 number is already sorted, a1 = 0 = 1 − 1. Then a2 = a1 + 1 − 1
2 = 2 − 1 − 1/2,

a3 = 3− 1− 1/2− 1/3, and so on. In particular we may compute

a400 = 400− 1− 1
2
− · · · − 1

400
.

It remains to compute b a400
20 c, which I claim is 19. Clearly, a400

20 < 20, so it remains to show that
a400
20 ≥ 19, or

1 +
1
2
+ · · ·+ 1

400
< 20.

We can use grouping cleverly to verify the following inequality. We let {1} be a set, {1/2, 1/3} be
a set, {1/4, 1/5, 1/6, 1/7} be a set, and so on. Each set is created by taking the first fraction, the
next two, the next four, and the next 2k, and so on. From this construction it is easy to see that the
fractions in each set add to less than 1. Moreover, {1/256, · · · , 1/512} is only 9th set, so the sum
1 + 1

2 + · · ·+ 1
400 is in fact bounded from above by 9. Hence, the inequality above holds, and we find

that the answer is indeed 19 .

Proposed by Allen Wang
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